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Black hole collapse and bounce in effective loop quantum gravity
Jarod George Kelly,∗ Robert Santacruz,† and Edward Wilson-Ewing‡
Department of Mathematics and Statistics, University of New Brunswick, Fredericton, NB, Canada E3B 5A3
We derive the loop quantum cosmology effective equations for the Lemaˆıtre-Tolman-Bondi family
of space-times, and use these to study quantum gravity effects in the Oppenheimer-Snyder collapse
model. The result is that the classical singularity is replaced by a non-singular bounce, with quantum
gravity effects becoming important when the energy density and space-time curvature scalars reach
the Planck scale. We estimate the lifetime of the black hole to be ∼ (GM)2/ℓPl.
General relativity is typically expected to break down
when the curvature reaches the Planck scale, at which
point a theory of quantum gravity becomes necessary.
One important example is a black hole of mass M : in
the simplest case of the Schwarzschild vacuum spher-
ically symmetric space-time, the Kretschmann scalar
RµνρσR
µνρσ ∼ (2GM)2/r6 reaches the Planck scale at
the radius r ∼ (2GMℓ2Pl)1/3, suggesting that quantum
gravity effects may become important not only close to
the singularity at r = 0, but as far away from the black
hole center as (2GMℓ2Pl)
1/3.
In addition to quantum gravity effects being presum-
ably important in vacuum black hole solutions, quan-
tum gravity is also expected to play an important role
during black hole collapse. While the matter forming
the star is classically predicted to reach the central sin-
gularity, quantum gravity effects could resolve the sin-
gularity and modify the dynamics of infalling matter.
In spherically symmetric space-times, there are no
gravitational waves and therefore to study black hole
collapse a matter field is needed. A simple choice is
pressureless dust; these space-times are known as the
Lemaˆıtre-Tolman-Bondi (LTB) solutions [1–3].
To explore how quantum gravity effects may mod-
ify black hole collapse, we will consider the effect of
expressing the (classical) Hamiltonian in terms of area
and holonomy variables, as suggested by loop quantum
gravity (LQG) [4]. In this approach, holonomies along
paths of physical length ∼ ℓPl of the Ashtekar-Barbero
connection appear in the Hamiltonian, which generates
the ‘effective equations’ that have been shown to give an
excellent approximation to the leading order quantum
gravity effects in loop quantum cosmology (LQC) [5].
To ensure the physical length of the holonomy paths is
∼ ℓPl, it is necessary to relate the coordinate length to
the physical length through the metric; including this
essential step gives the ‘µ¯ scheme’ [6].
There has been considerable work studying various
LQG effects in spherically symmetric space-times. For
vacuum space-times, most studies are based on the
isometry between the classical Schwarzschild interior
and the Kantowski-Sachs space-time [7–21], but this
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isometry may not hold in LQG (it is also unclear how
to properly carry out the µ¯ scheme when a spatial co-
ordinate becomes null at a horizon). The full vacuum
space-time was first considered without the µ¯ scheme
[22–28], and more recent work has shown how to imple-
ment the µ¯ scheme in this context [29–31]. For previous
work on how to include matter, see [24, 32–35], and for
studies of black hole collapse based on this approach,
see [35–39] (for other LQG/LQC-based studies of black
hole collapse, see [40–45]); however, none of the studies
that include matter use the µ¯ scheme throughout the en-
tire space-time. Finally, for studies of LQG-motivated
inverse triad effects in spherical symmetry see [46–50].
In this paper we will show how to implement the µ¯
scheme for LTB space-times, and use the resulting ef-
fective equations to study LQG effects on black hole
collapse.
Classical Theory
The line element for a spherically symmetric space-
time can be put in the form
ds2 = −N2dt2 + (E
b)2
Ea
(dx+Nxdt)2 + EadΩ2, (1)
where N(x, t) and Nx(x, t) are the lapse and the radial
component of the shift vector, Ea(x, t) and Eb(x, t) are
the densitized triad in the radial and angular directions,
and dΩ2 = dθ2 + sin2 θdφ2.
The densitized triads are conjugate to the Ashtekar-
Barbero connection whose components are [31]
Aiaτidx
a = a τ1 dx+
(
b τ2 − ∂xE
a
2Eb
τ3
)
dθ
+
(
− cot θτ1 + ∂xE
a
2Eb
τ2 + b τ3
)
sin θ dφ. (2)
Here a(x, t) and b(x, t) capture the extrinsic curvature
in the radial and angular directions respectively, while
τ j = −iσj/2, with σj the Pauli matrices.
For the Lemaˆıtre-Tolman-Bondi (LTB) space-times
the matter content is a pressureless dust field and, after
integrating over dΩ, the action is [51]
S =
∫
dt
∫
dx
[
a˙Ea + 2b˙Eb
2Gγ
+ 4πT˙pT −N
(
H(g) +H(d)
)
−Nx
(
H(g)x − 4πpT∂xT
)]
, (3)
2with dots denoting derivatives with respect to t. The
contributions to the scalar constraint from the gravita-
tional and dust sectors are
H(g) =− 1
2Gγ2
(
2ab
√
Ea +
Eb√
Ea
(b2 + γ2)
)
+
1
8G
(∂xE
a)2
Eb
√
Ea
+
√
Ea
2G
∂x
(
∂xE
a
Eb
)
, (4)
H(d) =4π
√
p2T +
Ea
(Eb)2
p2T (∂xT )
2, (5)
and the gravitational term in the diffeomorphism con-
straint is H(g)x = (2Gγ)−1 · (2Eb∂xb− a∂xEa).
The Hamiltonian framework can be simplified by us-
ing the dust-time gauge to fix the scalar constraint and
the areal gauge to fix the diffeomorphism constraint.
After this gauge-fixing there will remain a true Hamil-
tonian, with no constraints left.
The benefit of the dust-time gauge T = t is clear, as
then ∂xT = 0. The gauge-fixing condition χ1 = T − t =
0 is second-class with the scalar constraint, so χ1 can
be used to gauge-fix it. Solving the scalar constraint
gives 4πpT = −H(g), while requiring that the gauge-
fixing condition be preserved by the dynamics imposes
N = 1. Further, the symplectic term in the action
4πpT T˙ simplifies to 4πpT = −H(g), which becomes a
true physical Hamiltonian Hphys = H(g) [51].
The next simplification is to impose the areal gauge
through the condition χ2 = E
a−x2 = 0, which imposes
that a sphere at radius x has surface area 4πx2. The
condition χ2 is second-class with the diffeomorphism
constraint, which can be solved giving a = Eb(∂xb)/x,
and requiring that χ2 be preserved dynamically gives
Nx = −b/γ [31]. Since Ea is independent of time, the
a˙Ea term is a total time derivative and can be dropped
from the action, while Hphys simplifies considerably af-
ter substituting for Ea and a:
SGF =
∫
dt
∫
dx
(
b˙Eb
Gγ
−Hphys
)
, (6)
Hphys =− 1
2Gγ
[
Eb
γx
(
b2 + x∂xb
2
)
+
γEb
x
+
2γx2
(Eb)2
∂xE
b − 3γx
Eb
]
. (7)
After fixing these two gauges, the metric reduces to
ds2 = −dt2 + (E
b)2
x2
(dx+Nx dt)
2
+ x2dΩ2, (8)
with Nx = −b/γ for classical general relativity, and it is
clear that there is one physical degree of freedom at each
point due to the dust field (there are no gravitational
waves in spherically symmetric space-times). The en-
ergy density ρ(x, t) of the dust field, related to the dust
contribution to the scalar constraint by H(d) = √qρ, is
ρ =
pT√
EaEb
= − Hphys
4πxEb
, (9)
and the remaining basic Poisson bracket is
{b(x1, t), Eb(x2, t)} = Gγ δ(x1 − x2). (10)
The dynamics follow from f˙ = {f, ∫ dx Hphys}, giving
E˙b =
bEb
γx
− b
γ
∂xE
b, (11)
b˙ =
γx
2(Eb)2
− 1
2γx
(
2xb∂xb + b
2 + γ2
)
. (12)
These are the usual equations of motion for the LTB
family of metrics, for the Painleve´-Gullstrand form (8)
of the metric [52, 53], although in a form convenient to
include holonomy corrections as motivated by LQG.
LTB Effective Equations
One of the main features of LQG is that the funda-
mental operators, out of which all other operators are
constructed, are holonomies of Aa and the areas E
a. In
LQC, it has been shown that there exist ‘effective equa-
tions’ that provide a good approximation to the dynam-
ics of expectation values, at least for wave functions that
are sharply-peaked and whose expectation value for the
spatial volume satisfies 〈V 〉 ≫ ℓ3Pl [54, 55]. These effec-
tive equations can be derived as the Hamilton equations
of an effective Hamiltonian that includes modifications
proportional to ~ which ensure the resulting dynamics
track the wave function in the full quantum theory.
To derive an effective Hamiltonian for (gauge-fixed)
LTB space-times, the main step is to replace the con-
nection component b by minimal length holonomies of b.
It is necessary that these holonomies give trigonometric
functions of b (without b-dependent prefactors) for it to
be possible to promote the holonomies to operators in
LQC. This condition is satisfied by holonomies of the
extrinsic curvature 1-form in the θ direction,
hθ(2δb) = exp
(∫ 2δb
0
bτ2 dθ
)
= cos (δbb) I+ 2 sin (δbb) τ2. (13)
This is known as the ‘K’ loop quantization, for details
see [56, 57]. (The path could be a portion of any great
circle on the sphere, for simplicity we took φ = const.)
Still following [56, 57], the coordinate length 2δb must
be chosen so that the physical length of the path is
√
∆,
where ∆ ∼ ℓ2Pl is the smallest non-zero eigenvalue of
the area operator in LQG. (The factor of 2 is to en-
sure consistency with expressions of the curvature in
terms of holonomies [58].) For this path, x and φ are
constant, so the metric (8) implies ds = x dθ. Integrat-
ing and requiring that the physical length be
√
∆ gives∫√∆
0 ds =
∫ 2δb
0 x dθ, so 2δb =
√
∆/x, see also [29–31].
Finally, bmust be replaced inHphys by an appropriate
expression in terms of hθ(2δb) [56, 57],
b→ −2Tr(hθ(2δb) · τ2)
2δb
=
x√
∆
sin
(√
∆
x
b
)
. (14)
3This substitution gives the effective physical Hamilto-
nian for LTB space-times,
HLQGphys = −
1
2Gγ
[
Eb
γx
∂x
(
x3
∆
sin2
√
∆ b
x
)
− 3γx
Eb
+
2γx2
(Eb)2
∂xE
b +
γEb
x
]
. (15)
It is also necessary to update the relation between the
shift Nx and b to
Nx = − x
γ
√
∆
sin
√
∆ b
x
cos
√
∆ b
x
, (16)
this choice follows results in vacuum spherically sym-
metric space-times [30, 31]. Note that the form of the
metric (8) remains unchanged.
The effective dynamics follow directly from HLQGphys
and the (unchanged) Poisson bracket (10),
E˙b =− x
2
2γ
√
∆
∂x
(
Eb
x
)
sin
√
∆ b
x
cos
√
∆ b
x
, (17)
b˙ =
γ
2
( x
(Eb)2
− 1
x
)
− 1
2γ∆x
∂x
(
x3 sin2
√
∆ b
x
)
. (18)
These effective equations can be used to study LQG
effects in LTB space-times.
The vacuum solutions ρ = 0 correspond to HLQGphys = 0
and have already been studied [30, 31]. In Painleve´-
Gullstrand coordinates, the metric has the form
ds2 =−
(
1− RS
x
+
γ2∆R2S
x4
)
dt2 + dx2
+ 2
√
RS
x
(
1− γ
2∆RS
x3
)
dt dx+ x2dΩ2, (19)
where RS = 2GM is the Schwarzschild radius, and
the quantum gravity corrections are proportional to ∆.
Note that for the vacuum case M = 0, the result is the
classical Minkowski solution without any quantum grav-
ity corrections. Interestingly, this metric is only valid
for x ≥ xmin = (γ2∆RS)1/3 [30, 31]. This is not sur-
prising, since in spherical symmetry there are no gravi-
tational waves and therefore a central potential must be
generated by some distribution of matter. Since LQC
effects are known to bound ρ . ρPl by the Planck scale,
this suggests that to have a source of mass M , there
must be some matter content out to (assuming maxi-
mal density) x ∼ (M/ρPl)1/3, in qualitative agreement
with the bound x ≥ xmin for the vacuum solution. In
a simple model for black hole collapse, this correspon-
dence will be shown to be exact.
Also, we note that there is an inner horizon located at
xinner ∼ xmin+(γ4∆2/27RS)1/3 [31]; matter that lies in-
side the inner horizon can remain at rest, or bounce and
start to expand as required for a transition to a white
hole [45]. In the Planck regime, quantum gravity repul-
sive effects are counteracting the classical gravitational
attractive force, and the outgoing expansion becomes
positive again for x < xinner.
Black Hole Collapse and Bounce
A simple model for black hole collapse is the
Oppenheimer-Snyder model [59]. This space-time be-
longs to the family of LTB solutions, and corresponds to
a ‘star’ of radius L(t), with vacuum outside. The star is
composed of pressureless dust, and it is further assumed
that the density ρ of the star is ρ(x, t) = ρ(t) if x ≤ L(t)
and ρ(x, t) = 0 otherwise; as the star collapses, L will
decrease and ρ will increase. To simplify the analysis,
for now we neglect edge effects due to the discontinuity
in ρ. Note that the Oppenheimer-Snyder model inte-
rior is a Friedman-Lemaˆıtre-Robertson-Walker (FLRW)
cosmology, while the exterior is vacuum.
For a spatially flat interior Eb = x, which is clearly a
solution of (17). Then (18) and (9) simplify to
b˙ = − 1
2γ∆x
∂x
(
x3 sin2
√
∆ b
x
)
, (20)
ρ =
1
8πGγ2∆x2
∂x
(
x3 sin2
√
∆ b
x
)
, (21)
and conservation of energy implies that M = 4πρL3/3
is constant. Relation (21) is easily inverted, for the
collapsing Oppenheimer-Snyder model this gives
sin
√
∆b
x
=
{
−
√
ρ(t)/ρc if x ≤ L(t),
−
√
M/ρcx3 if x > L(t),
(22)
where the critical energy density is ρc = 3/(8πGγ
2∆).
Note that the overall minus sign is chosen so Nx > 0
and the star collapses (for cos(
√
∆b/x) ≥ 0).
Combining (20) and the interior solution (22) gives an
equation for ρ˙, and using ρ = 3M/4πL3 this becomes
(
L˙
L
)2
=
8πG
3
ρ
(
1− ρ
ρc
)
, (23)
exactly the LQC effective Friedmann equation for spa-
tially flat FLRW space-times with scale factor L [6].
The solution is
L(t) =
[
γ2∆RS
(
9t2
4γ2∆
+ 1
)]1/3
, (24)
and ρ = 3M/4πL3. There is a bounce: quantum gravity
effects generate a non-singular transition from a black
hole to a white hole, as suggested in [60].
Importantly, the minimal value of the radius of the
star is L = xmin. This fits exactly with the constraint
that the vacuum solution is only valid for x ≥ xmin: the
curvature of the space-time (in the absence of gravita-
tional waves) must be generated by a matter field, and
4since ρ is bounded in LQC, matter must extend out at
least to some minimal radius depending on M .
The metric describing this collapse and bounce of a
black hole is (8), with Eb = x and the shift vector
Nx =


− 6xt
9t2 + 4γ2∆
if x ≤ L(t),√
RS
x
(
1− γ
2∆RS
x3
)
if x > L(t).
(25)
For the interior, the coordinate transformation x = Lχ
gives a flat FLRW metric with scale factor L. Also, it is
easy to verify that Nx is continuous at x = L when the
star is contracting, but these terms differ by a sign after
the bounce: for t > 0, there will be a shock wave in the
gravitational field with a discontinuity in the effective
metric at x = L. To understand the effect of the shock
wave it is necessary to include edge effects, which have
been ignored so far.
The White Hole Shock Wave
To study the dynamics of the shock wave, it is best
to start with the effective equations of motion for the
Oppenheimer-Snyder model
b˙ = −4πGγxρ (26)
ρ˙ =
1
3γ∆x2
∂x
(
x4Nxρ
)
, (27)
which follow from (20), (21) and (16). From the first
equation, it is clear that b is monotonically decreasing,
and constant outside the star where ρ = 0 (this is why
Nx remains constant for x > L). Away from the edge
x = L, the second equation shows that ρ increases for
Nx > 0 (a collapsing star) while ρ decreases for Nx < 0
(the post-bounce expanding white hole).
One way to explore the edge dynamics near x = L is
to do a simple discretization of (27) on a lattice with
spacing δx, replacing ∂xf(xi)→ [f(xi+1−f(xi−1)]/2δx.
During collapse, Nx > 0 everywhere and at the edge
xi = L, the discretized derivative is negative since
ρ(xi+1) = 0 and ρ(xi−1) > 0, so ρ˙(xi) < 0. As expected,
in a collapse the density increases inside the star, and
decreases at xi precisely as the edge L becomes smaller
than xi. This agrees with (25), which can be trusted
for the collapse phase as there is no shock wave then.
On the other hand, after the bounce Nx < 0 inside
the expanding star, but Nx > 0 in the surrounding
vacuum region. If the edge is at xi = L (assuming
Nx < 0 for xj ≤ xi and Nx > 0 for xj ≥ xi+1),
it is easy to see that ρ˙(xi+1) > 0 since ρ(xi+2) = 0
and Nx(xi) < 0. However, at the next time step the
dust field cannot (yet) go beyond xi+1: this is because
ρ˙(xi+2) < 0 due to N
x(xi+1) > 0, even though now
ρ(xi+1) > 0. (Of course, ρ cannot decrease below 0,
ρ˙ < 0 occuring in this context is an artefact of the
simple discretization.) Instead, the white hole cannot
expand further until Nx(xi+1) becomes negative, i.e.,
when sin(
√
∆b(xi+1)/xi+1) = −1. So the discontinuity
in Nx will cause the white hole to expand at a much
slower rate than it collapsed. Another consequence is
that the dust field will accumulate near the edge x = L
(since ρ˙(xi), ρ˙(xi+1) > 0 as long as L does not move),
so ρ will become greater at the wave front than inside
the star. So, results obtained neglecting edge effects can
be trusted far from the white hole edge, but the wave
front location L will move outwards at a slowed rate
and ρ will be greater near L than for x≪ L.
To determine the lifetime T of the black hole, it is
sufficient to calculate the dominant contribution com-
ing from the duration of the post-bounce expansion1 (as
seen in (24), the duration of the contracting portion is
∼ RS). A precise determination of the white hole’s life-
time T will require a considerably more detailed anal-
ysis, likely including high-resolution numerics, but it is
possible to obtain a simple estimate for T by using (26)
to calculate the time δti, at each point, it takes for N
x
to change sign, and sum over all xi from xmin to RS ,
assuming δx ∼ ℓPl.
It is enough to start the calculation at, say, xo ∼√
ℓPlRS ≫ xmin. Then, | sin(
√
∆b/x)| ≪ 1 for x ≥ xo
and therefore, for Nx to change signs, b must change by
∼ −πx/2√∆. Then, from (26) it follows that (dropping
numerical prefactors of order 1) δti ∼ 1/(G
√
∆ρ(xi)).
At the bounce, ρ = ρc but ρ will decrease as the
shock wave expands. The leading edge of the shock
wave will have a greater ρ than the center (where ρ
evolves in a symmetric fashion around the bounce)
since the dust field will be pushed towards the edge
where it will accumulate due to the slow expansion of
the shock wave front. After some time, it can be ex-
pected that a significant fraction of the dust field will
lie within a short distance w of the leading front, in
which case the energy density at the edge will scale
as ρe ∼ M/(x2w). Evaluating ρ at the bounce gives
ρc ∼ M/x3min so M ∼ ∆ρcRS and ρe ∼ ∆ρcRs/x2w.
Then, δti ∼ wx2/(G∆3/2RSρc) and
T ∼
∑
i
δti ∼
∫ RS
xo
δti
ℓPl
dx ∼ wR
2
S
ℓ2Pl
, (28)
similar what is suggested in [43]. If w is independent of
RS , then the black hole lifetime T is significantly shorter
than the Page time [61] in which case the standard black
hole information loss problem is avoided.
Discussion
The LTB space-times are spherically symmetric
space-times coupled to pressureless dust. After impos-
ing some convenient gauges, we construct an effective
1 A short calculation shows that the lifetime of a black hole mea-
sured by a distant observer at fixed x = R≫ RS , given by the
proper time τ between receiving a light ray emitted from the
collapsing star (say, when L = 3GM) and the white hole (say,
when L = 3GM once again), is given by the coordinate time t
elapsed between these two events.
5Hamiltonian following the standard LQC procedure of
replacing components of the Ashtekar-Barbero connec-
tion by holonomies, and derive the effective equations
for LTB space-times. A particularly interesting case
is the Oppenheimer-Snyder model for black hole col-
lapse, which can be solved exactly if edge effects are
neglected; the result is that the star contracts until the
density reaches the LQC critical density ρc ∼ ρPl and
then bounces. This is a specific realization of quan-
tum gravity generating a non-singular transition from a
black hole to a white hole, as proposed in [60].
There are two results that show a remarkable unity
between LQG holonomy corrections applied to differ-
ent families of space-times. First, the equation of mo-
tion for the Oppenheimer-Snyder (flat FLRW) interior
is identical to the LQC effective Friedmann equation
for flat FLRW space-times. Although the derivation of
the two equations is quite different, they describe the
same physics, so it reassuring that both procedures give
the same dynamics. Second, the vacuum spherically
symmetric solution for a black hole of mass M is only
valid to a minimal radius xmin ∼ (RSℓ2Pl)1/3 [30, 31].
This vacuum solution corresponds to the exterior of the
Oppenheimer-Snyder solution, and it turns out that the
minimal radius of the interior is exactly xmin: to gener-
ate a Schwarzschild-like exterior of mass M , there must
be a matter field extending to at least the radius xmin.
Once again, the consistency between LQG results in
vacuum and LTB space-times is remarkable.
There remain a number of important open problems.
First, a better understanding of the physics of the white
hole shock wave could be used to precisely calculate the
lifetime of a black hole, and could also give predictions
concerning the light emitted by a white hole that could
be seen by distant observers. It would also be helpful
to study more realistic black hole collapse models by
including matter fields with pressure and/or a radially-
varying density, and also to determine the stability of
the white hole to further infalling matter [62, 63]. Fi-
nally, it will also be important to include other quan-
tum effects, most notably Hawking radiation, to obtain
a complete picture of quantum gravity effects in black
hole space-times and hopefully resolve the information
loss problem.
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